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Previous work has characterized electrohydrodynamic (EHD) thruster performance, determining that thrust-to-power ratios are comparable with that of conventional propulsion at the laboratory scale. Achievable thrust density of EHD propulsion has yet to be experimentally quantified and could be a limiting factor in its application. In this paper, we quantify the achievable thrust density for a wire-to-cylinder electrode geometry using positive corona discharges for electrode pairs operating in parallel and in series. Geometric parameters, including the non-dimensional inter-pair and stage spacings, are varied, and the effect on current and thrust is measured. We estimate a maximum thrust per unit area of 3.3 N m −2 and a maximum thrust per unit volume of 15 N m −3 , which we compare with the characteristic thrust density of a range of aircraft. We find that trade-offs exist between thrust density and the achieved thrust-to-power ratio, where increases in the former through either increased power input or pair packing density lead to decreases in the latter. We conclude that EHD propulsion has the potential to be viable from both an energy efficiency perspective (our previous study) and a thrust density perspective (this paper), with the greatest likelihood of viability for smaller aircraft such as unmanned aerial vehicles.
Introduction
Electrohydrodynamic (EHD) propulsion provides thrust through the coupling between electrostatic body forces and a neutral fluid, such as air. Ions generated in the neutral fluid and under the influence of an applied 2015 The Author(s) Published by the Royal Society. All rights reserved. electric field collide with neutral fluid molecules, generating what is known as an electric or ionic wind [1] . The resulting force on the electrodes used to sustain the electric field generates a net thrust opposite to the direction of ion flow, and does so without moving parts or direct gaseous emissions.
Concepts associated with ionic winds have been applied to several different research areas including heat-transfer enhancement [2] [3] [4] , particulate removal [5, 6] , electro-spinning/spraying [7, 8] and ion drag pumping [9] [10] [11] . This has also motivated literature focused on developing computational models to solve the EHD governing equations [12] [13] [14] [15] [16] [17] . In aerospace engineering, research efforts have focused on using dielectric barrier discharges (DBDs) to provide aerodynamic flow control to prevent subsonic boundary layer separation over aerofoils [18] [19] [20] . However, few studies in the literature have assessed the use of ionic winds in propulsion applications.
Generation of an ionic wind requires ionization of air at atmospheric pressure and temperature, the corona discharge [21] being a commonly applied method. A corona discharge requires the application of a potential difference across a pair of asymmetrical electrodes. At a sufficiently high potential difference, termed the corona inception voltage, an electric field of sufficient strength at the electrode with the smaller radius of curvature (the emitter) is induced such that ionization can take place. The ions then travel from the emitter under the influence of the electric field to the electrode of larger radius (the collector). The speed at which the ions travel is determined by the local electric field and ion mobility, the latter a measure of resistance owing to collisions experienced by an ion travelling through a particular medium. Using direct current voltage sources, either a positive or a negative corona discharge is induced owing to a positive or negative emitter polarity relative to the collector [21] . We note that other ionization methods exist for atmospheric pressure and temperature, such as DBD, but we consider only the positive corona discharge in this paper.
Christensen & Moller [22] published the first peer-reviewed experimental analysis of EHD propulsion in 1967, where they concluded that ion mobility was an important factor in determining thrust. Previous work performed by Masuyama & Barrett [23] quantified EHD thruster performance. Specifically, they determined that achievable thrust-to-power ratios (also referred to as thrust effectiveness [22] ) of EHD propulsion were on the order of 5-10 N kW −1 , with measured ratios reaching 100 N kW −1 compared with approximately 2 N kW −1 on average for jet propulsion [24] . Thrust-to-power ratio was found to be dependent on both applied potential difference and the distance between the emitter and collector, which we refer to as the electrode gap distance. These ratios were achieved at the laboratory scale where distances between electrodes were on the order of centimetres, and power output was on the order of watts. In addition, thrust-to-power ratios on the order of 100 N kW −1 were achieved shortly after corona inception when the total generated thrust was on the order of approximately 1 mN. Independent experimental efforts subsequently published (but likely carried out in a similar time frame) by Moreau et al. [25] and Kiousis et al. [26] broadly confirm these findings.
Masuyama & Barrett [23] and Colas et al. [27] also studied dual-stage thrusters, consisting of separate ionizing and accelerating regions generated by an intermediate potential electrode. Masuyama & Barrett [23] observed increases in thrust-to-power ratio, and Colas et al. [27] noted higher maximum achievable thrusts relative to the single-stage configurations. Finally, SaenzOtero et al. [28] designed and tested an EHD thruster device at zero-gravity using pin-to-mesh geometries as a proof of concept study for a potential propulsion mechanism for robotic assistants operating in, for example, a space station. Sensitivity studies were performed with regard to pin packing density, but thrust density was not quantified.
Numerical investigations performed by Zhao & Adamiak [12] as well as Martins & Pinheiro [13] calculated thrust for a two-dimensional EHD device. Both studies modelled a configuration similar to that of the 'lifter' concept, with Martins & Pinheiro [13] concluding that the thrust is electrostatic in origin and is concentrated on the collecting electrode. Another numerical analysis by Martins & Pinheiro [14] quantified the sensitivity of thrust output with respect to collecting electrode diameter, determining that thrust increased with diameter owing to higher levels of ionization at the emitting electrode. A further numerical analysis performed by Martins [15] considered an improved thruster design with multiple collecting stages for a single emitting electrode. The thrust achieved in these numerical analyses is on the same order of magnitude as the thrusts observed in Masuyama & Barrett [23] and Moreau et al. [25] , although the level of agreement was dependent on modelling assumptions such as emitter boundary conditions. Indirect boundary conditions used to set the amount of ionization (charge injection) at the emitting electrode, such as Kaptsov's hypothesis [29] , have been used or have been the subject of other numerical studies [30, 31] .
While the achieved thrust-to-power ratios found by EHD are comparable with conventional propulsion, Masuyama & Barrett [23] identified the achievable thrust density as the next potential limitation-a topic that to our knowledge that has not been experimentally or numerically addressed in the literature. As electrode pairs are brought together in the attempt to increase thrust density, the electric fields generated by each pair are expected to interact such that the current and thrust characteristics of the system are affected. The purpose of this work is to quantify the achievable thrust density at the laboratory scale for a similar experimental set-up and electrode geometry used in Masuyama & Barrett [23] . We consider the thrust density achieved by both parallel and series operation of electrode pairs. Parallel operation refers to configurations in which all emitters lie in one plane and all collectors lie in another, where these two planes are parallel to each other. This can also be thought of as pairs operating side by side. Series operation refers to configurations in which the emitters and collectors all lie in the same plane and can be thought of as pairs operating end to end. Series operation has also been referred to as 'staging' in the literature, a term which is used also in this paper. A one-dimensional (1D) analytical analysis performed by Stuetzer [9] considered both parallel and series ion drag pumps and determined the corresponding impact on pump performance. No interaction between stages was assumed. Experimental investigations of operating multiple EHD devices in series, or staging, have been performed with focus placed indirectly on thrust generation by attempting to maximize ionic wind velocity [32] [33] [34] , finding that staging allowed for higher achieved fluid velocities. However, extensions to achievable thrust density were not made.
Our work is divided into three components:
I. an analysis of interactions between two electrode pairs in parallel; II. a study of thrust arrays (i.e. parallel operation of multiple electrode pairs); and III. an investigation of thrust staging (for parallel and series operation).
Component I examines the dependence of current and thrust produced from a positive coronainduced ionic wind on certain geometric parameters, in particular the spacing between electrode pairs operating in parallel. Component II aims to quantify the achievable thrust density for a selected electrode geometry when considering multiple parallel electrode pairs. Finally, component III aims to quantify the achievable thrust per unit volume when multiple electrode pair stages are considered, building upon the results from components I and II. Results from these three components are presented in § §4, 5 and 6, respectively. In addition, §2 provides some theoretical insights and fundamental limitations of EHD thrust to help motivate the discussion of results. In particular, we extend previous derivations for the maximum thrust per unit area of electrostatic thrusters to include characteristics of the corona discharge.
Theory
This section provides a brief overview of the 1D theory previously derived in Masuyama & Barrett [23] as well as providing a general extension when considering space charge effects. In addition, a theoretical limit on achievable thrust density for EHD propulsion is derived. Finally, we show that the thrust-to-power ratio of an EHD system is independent of the electric field shape for a given electrode gap distance when dimensionality effects are considered. (a) Generalization of thrust-to-power expression to include space charge effects As was previously derived in Masuyama & Barrett [23] , 1D theory states that EHD thrust is equal to the magnitude of the Coulomb force on the injected ions persisting in a gap between two electrodes, which was shown to be
where I is the current generated by the thruster, L is the distance between the emitter and collector and μ is the ion mobility. Equation (2.1) was derived assuming parallel plate electrodes (i.e. 1D geometry) and negligible space charge effects. The thrust-to-power ratio, T/P, in 1D is [23] 
where V is the applied potential difference. Although space charge effects are small just after corona inception, this may not be the case at higher induced currents. Here we show that even with the inclusion of space charge effects, thrust is still determined by equation (2.1), and T/P is still determined by equation (2.2) in 1D. In the absence of drag, thrust per unit area of the electrode is equal to the integration of the Coulomb force over the domain, or in 1D
where ρ is the space charge concentration, E is the electric field magnitude and x is the coordinate between the electrodes defined such that x = 0 at the emitter and x = L at the collector. In the absence of magnetic fields and time varying electric fields and assuming a steady system, Gauss's law and the steady law of current conservation apply, where the latter, in differential form, is
where j is the current density (current per unit area) and u is the neutral fluid velocity. ρμE is known as the drift current and ρu the convective current. A common modelling assumption is to neglect the neutral fluid velocity relative to the ion drift velocity, μE [12] [13] [14] . Ionic wind velocities at the laboratory scale have been reported to be between 1 and 10 m s −1 [25] . Assuming an ion mobility of 2 × 10 −4 m 2 V −1 s −1 [35] and an average electric field strength of 5 × 10 5 V m −1 , the drifty velocity is on the order of 100 m s −1 , meaning that the induced neutral fluid velocity is approximately 1-10% of the drift velocity. Making this assumption and simplifying to 1D reduces equation (2.4) 
Assuming that ion mobility is constant, equation (2.5) implies that ρE is invariant along the electrode gap. Taking the space charge concentration and electric field magnitude at the emitting electrode, equation (2. 3) reduces to
yielding the same result as in equation (2.1). Given that the power consumed by the electrodes is the applied potential difference, V, multiplied by the current, I, the thrust-to-power ratio is identical to equation (2.2) . This result indicates that regardless of the effect of space charge on the electric field under the given assumptions and a chosen electrode gap distance, thrust is directly proportional to current and electrode gap distance and inversely proportional to ion mobility. These results also extend to both parallel and series operation of 1D electrode pairs. Parallel operation is equivalent to increasing the electrode area, which proportionally increases thrust according to equation (2.3 
(b) Theoretical limit on thrust density
While we have established that thrust is proportional to the generated current regardless of space charge effects, there exists a fundamental limitation on the amount of current an EHD thruster or device can generate, similar to the limitations associated with electrostatic thrusters used in space propulsion applications [36] . We consider a 1D electrode geometry. Beginning with Gauss's law and the steady current conservation law in 1D, again making the approximation that the neutral fluid velocity is negligible relative to the drift velocity, it can be shown that the applied potential across the electrodes, V a , is equal to 6) where E 0 is the electric field magnitude at the emitter. Equation (2.6) can then be solved for the current density, j, as a function of E 0 , L and V a . The magnitude of the electric field at the emitter, E 0 , needs to be prescribed as a boundary condition. Pekker & Young [37] assume that the solution is choked, i.e. E 0 = 0. Solving equation (2.6) for the choked condition yields the Mott-Gurney law [38] , or
which sets the maximum current that can be passed between the two parallel plate electrodes. The choked solution is not applicable in the case of corona discharges as a critical electric field magnitude, E i , at the emitting electrode is required such that charge injection can take place [21] . This specifies a corona inception voltage, V i , which must be applied before current and thrust are generated by the electrodes. Here, we extend the Mott-Gurney law to account for the corona inception voltage and determine the corresponding impact on maximum theoretical thrust output. Empirical relations for inception voltages for specific electrode geometries were originally developed by Peek [39] . For the 1D case, we combine the concept of an inception voltage with Kaptsov's hypothesis [29] , which states that the electric field at the emitting electrode is equal to the value taken at corona inception for V a ≥ V i , such that boundary condition for E 0 is 8) where the final equality is given by the magnitude of the electric field in the absence of space charge between parallel plate electrodes. Zahn et al. [40] performed a survey of different boundary conditions for a steady and transient analysis for a similar problem. We also further specify that the corona inception voltage is some fraction of the applied potential difference across the electrodes, or
Combining equations (2.6)-(2.9), the ratio between the current density for E 0 > 0 and the choked solution is solved for. This ratio, which we denote by λ, monotonically decreases from 1 to 0 as α varies from 0 to 1, with α = 0 corresponding to the choked solution and α = 1 corresponding to the case where no charge injection has taken place. The theoretical maximum thrust density for a 1D EHD propulsion device is then given by (c) Proof that thrust-to-power ratio is not a function of E-field shape While it is expected that the electric fields of electrode pairs will interact with increased electrode packing density, it is unknown what effect these interactions will have on the system thrust-to-power ratio. In Masuyama & Barrett [23] , it was found that the 1D thrust-to-power equation given by equation (2.2) predicted the trend of thrust-to-power ratio as a function of generated thrust qualitatively, i.e. thrust-to-power ratio decreased with increasing power input, but under-predicted thrust-to-power ratio at larger values of L. Given that increases in L corresponded to decreasing the ratio between the length of the emitting wire to the gap distance, it was hypothesized that dimensionality effects could be an explanation for the deviation from 1D theory. Understanding the effect of altering electric field shape on thrust-to-power ratio may give insight into possible trade-offs with increasing thrust density given the anticipated interactions between electrode pairs and the extent to which thrust-to-power ratio can be engineered by geometric changes.
To understand this dependence we return to equation (2.4), again neglecting the bulk fluid velocity, and apply it to a generic 'current tube'-a concept that was also applied in the analysis performed by Sigmond [41] . [A 'current tube' is analogous to a streamtube in which charge (fluid) is flowing under the effect of an electric field (pressure gradient).] The boundaries of the current tube are determined by the electric field lines when only the drift current is considered, as has been derived previously, for example, by Davis & Hoburg [17] . An example of a current tube is shown in figure 1 for a two-dimensional wire-to-cylinder geometry.
By considering a differential element in the current tube, as depicted in the dashed box in figure 1 , we see that there are perturbations dE s , dρ and dA to the electric field along the current tube, E s ; charge density, ρ and current-tube area, A, respectively. Applying current conservation across this differential element, we see that 11) or that the quantity ρE s A is invariant along the current tube, a result similar to that in equation (2. where ds is the length of the element and E = E sŝ as dictated by the current-tube definition, witĥ s being the unit vector along the current tube, as shown in figure 1. Using Cartesian coordinates and taking the direction of thrust to be in the positive y-direction, the thrust contribution of the differential element is the scalar product between the negative of equation (2.12) (as the thrust is the reaction to the Coulomb force) and the direction of thrust, or
whereŷ is the unit vector and E y the magnitude of the electric field component in the y-direction. The thrust contribution for the current tube is then obtained by integrating equation (2.13) along its entire length, i.e.
where s 1 and s 2 denote the start (emitter) and end (collector) points of the current tube, respectively. Now we define a local current-tube angle, θ s , by the Cartesian coordinate vector, r, as shown in figure 1. Equation (2.14) is now written in terms of the total electric field magnitude along the current tube, E s , and θ s as
where ρE s A is known to be constant from equation (2.11) and is chosen to be evaluated at the emitter. Realizing that dy = cos θ s ds and applying the appropriate change in variable, equation (2.15) simplifies to
where I s is the current generated by the current tube and y is the difference between the y-coordinates of the starting and endpoints. y will be referred to as the 'thrust-oriented gap distance'. The power consumed by the current tube is
Equations (2.16) and (2.17) are then combined to yield the thrust-to-power ratio of the current tube, or
Equation (2.18) shows that, under the specified assumptions, the thrust-to-power ratio of an arbitrary current tube in an EHD system is only a function of the thrust-oriented gap distance for a given ion mobility and applied potential difference, i.e. the thrust-to-power ratio is path independent for a given thrust-oriented distance travelled. The total thrust is determined by integrating over all current tubes, which can then be used to determine the system thrust-to-power ratio. While equation (2.18) shows that for a given y the thrust-to-power ratio is not a function of the current-tube path, i.e. E-field shape, it does not imply independence from electrode geometry. Start and endpoints for a given current tube, and thus the thrust-oriented gap distance, will depend on the generated electric field and the space charge distribution, which in turn are a function of electrode pair geometry. However, if the variations in geometry are small relative to the overall thrust-oriented gap distance, it is implied that deviations from 1D theory will be small. The results of this analysis also indicate that regardless of the geometry of the induced electric field, the thrust-to-power ratio will not be impacted and is robust to modifications in electric field shape. This means that engineering the electric field shape does not change efficiency. We therefore do not anticipate interactions between electrode pairs to introduce losses in thrust effectiveness in our experimental analysis. This result also suggests that the deviation from 1D theory observed in Masuyama & Barrett [23] was not a result of dimensionality effects. Finally, we note that this result is dependent on the assumption that the drift current dominates other sources of current. If, for example, the bulk fluid velocity is no longer negligible relative to the drift velocity, then the conservation of current argument across the differential element given in equation (2.11) would need to be modified accordingly. The quantity ρE s A would then no longer be invariant and the characteristic of current-tube path independence may fail to hold. Such a situation may arise, for example if a free-stream velocity were to be introduced. Masuyama & Barrett [23] showed theoretically that thrust-to-power ratio would decrease with the superposition of a free-stream velocity in 1D.
Experimental set-up and methodology
The three experimental components of our study use a similar set-up. A PTFE frame is used to support a set of acrylic brackets, where each set consists of a top bracket to support the emitting electrodes and a bottom bracket to support the collecting electrodes. For the case of staging, multiple sets are used. The emitting electrode is either AWG32 or AWG40 (0.202 or 0.0799 mm diameter, respectively) tinned copper wire. The collecting electrode is a 6.35 mm diameter Al 6061 tube.
The selected electrode geometry is consistent with Masuyama & Barrett [23] , including the smallest ASTM B 258 standard copper wire size commonly available (AWG40) and a factor of 2.5 increase (AWG32). (Our results show no effect of this change.) We note that the stiffness of wires larger than 0.2 mm inhibited accurate fabrication and thrust measurement, while a sufficiently large emitter will fail to result in corona inception. A smaller emitter diameter than 0.08 mm would introduce significant fabrication and robustness difficulties, though may be the subject of future work. The collecting electrode size is sufficiently large as to prevent corona inception at the collector. A 6.35 mm electrode according to Peek's law [21, 39] has an inception voltage on the order of 70 kV for the gap distances considered here, which is larger than the potential differences applied in this analysis. The collector diameter is not varied. Given the high conductivity of copper, it is assumed that the discharge will be approximately uniform along the emitter. Care is taken to not introduce bends in the wire that may create higher localized electric fields, thus modifying the uniformity of the discharge and potentially leading to earlier onset of electrical arcing.
The brackets have been designed such that electrode pairs can be spaced at 10 mm increments. The PTFE frame also allows for 10 mm vertical increments, matching the set-up of Masuyama & Barrett [23] , where the electrode gap distances for all pairs are varied simultaneously. This pair spacing increment is selected so that any non-dimensional spacing can take an approximately integer value. The increment is also large enough so that there is no physical interference between the collecting electrodes of each pair. The PTFE frame is designed such that the emitting electrodes have a length of 200 mm. The collecting electrodes have a length of 500 mm in order to reduce the end effects from sharp edges on the aluminium tubing. As positive coronas are not directly dependent on ionization processes at the cathode [21] , cathode surface conditions are not expected to affect discharge properties.
The experimental quantities of interest are voltage, current and thrust. Electrical power is provided by a Matsusada AU120P2.5 positive polarity power supply, which provides potential differences of up to +120 kV and up to 2.5 mA of current. The collecting electrodes are grounded in all experiments. Voltage and current are controlled and measured using a set of Matsusada high voltage digital controllers. Thrust is measured using an Ohaus ScoutPro scale and is calculated as a reduction in weight. A PVC frame supports the scale from which the PTFE frame is suspended. The PVC frame also serves the secondary purpose of isolating the PTFE frame and electrode pairs from the surroundings in an attempt to limit extraneous induced currents as well as to simulate thruster operation in an open environment. The scale has a 0.6 kgf limit while providing thrust measurements at ±0.01 gf (approx. 0.1 mN) resolution. Applied voltages were varied at approximately 1 kV increments where 20 voltage, current and thrust data points are taken at each increment. Illustration of the emitter and collector arrays with associated geometric parameters varied in this study. L is the electrode gap distance, is the electrode pair spacing, θ is the distance between electrode pair stages, φ is the emitting electrode wire diameter, N is the number of electrode pairs per stage and K is the number of stages. The area used in calculating thrust per unit area is defined in the x−y plane. All references to 'area' in this paper refer to this orientation. Thrust on the arrays is produced in the positive z-direction, with the induced fluid motion in the negative z-direction. (Online version in colour.)
The following subsections describe each component in greater detail.
(a) Component I: electrode pair interaction
The purpose of this component is to confirm the existence of electrode pair interactions as well as to understand and quantify the interaction between wire-to-cylinder electrode pairs as they are brought closer together during parallel operation. The number of electrode pairs, N, is limited to 2. When considering parallel operation, three geometric parameters are varied: (i) the electrode gap distance, L; (ii) the electrode pair spacing, and (iii) the emitter wire diameter, φ. The number of stages, K, is fixed at 1. Note that the electrode gap distance, L, is defined between the two closest points of the emitter and collector. Figure 2 provides an illustration of the defined parameters for all three components of this study. The specific objectives for this component are to determine (i) how current and thrust are affected at a given applied voltage as is decreased and the corresponding dependencies on , L and φ, and (ii) how thrust scales with current for different values of .
(b) Component II: thrust array
The purpose of this component is to quantify the achievable thrust density of our selected electrode geometry for parallel operation, i.e. K = 1, but N is no longer limited to 2. Up to N = 5 electrode pairs are tested. Two electrode gap distances (L = 30 and 50 mm) are considered, φ is not varied (AWG32), and is varied from 10 mm to L + 10 mm. The specific objectives for this component are to determine (i) how current and thrust scale with the number of electrode pairs as a function of ; (ii) the achievable thrust density (both thrust per unit area and per unit volume) for electrode pairs operating in parallel; and (iii) the at which thrust density is maximized for a given L. Note that the area used in calculating thrust per unit area is defined in the x − y plane as shown in figure 2. This is a 'frontal area', i.e. the area perpendicular to the thrust direction. All references to 'area' in this paper refer to this orientation. Volume is determined by extruding the area in the z-direction. The purpose of this component is to quantify the achievable thrust density when electrode pair arrays have been linearly staged, i.e. the electrode pairs are operating both in parallel and in series. In this part, two stages (K = 2) are considered owing to the weight limit of the scale. First, the distance between the two stages, θ, is varied for a fixed and L. N = 2 and /L = 2 for each stage. Second, the thrust density is estimated, as will be described in §6. φ is not varied (AWG32). The specific objectives for this component are (i) to determine how current and thrust scale with the number of stages at a given inter-stage gap, θ , and the dependence of this scaling on θ and L; (ii) to estimate the achievable thrust density for electrodes operating both in series and in parallel; and (iii) to determine the θ at which thrust density is maximized for a given L and .
(d) Experimental uncertainty
An additional set of experiments is conducted in order to quantify experimental uncertainty in the measurements of thrust, current and voltage. This is done by performing a series of voltage sweeps for the same electrode configuration without modification or manipulation as well as by deconstructing and reconstructing a given configuration between each sweep to account for fabrication and other experimental procedure-related uncertainty and variability. Similar variability in thrust is observed in both sets of tests, but higher variability in current is observed in the latter. Based on this analysis, estimated uncertainties at 95% confidence are approximately ±5%, ±5% and ±0.01% for thrust, current and voltage, respectively, at voltages near the spark breakdown threshold. This variability is also, in general, larger than the variability observed in the 20-point time-series data taken at each voltage (approx. 2%), although is on the same order of magnitude. However, given that estimated relative uncertainties are small and on the order of 5%, this indicates repeatability in experimental outcomes. In the results presented in § §4, 5 and 6, standards for measurement uncertainty as outlined by Coleman & Steele [42] are applied. 
Component I results: electrode pair interaction
become important when the pair spacing is equal to or less than the electrode gap distance. For the plotted data in figure 3 , the highest voltage tested is 39 kV as spark breakdown, i.e. electrical arcing, occurred at or near 39-40 kV. Non-dimensional thrust is defined as
or the thrust for a given pair spacing normalized by the theoretical thrust from equation (2.1) for an assumed ion mobility. Non-dimensional thrust-to-power ratio is defined as
where the thrust-to-power ratio of a given configuration is normalized by the theoretical value given by equation (2.2) for an assumed mobility. For non-dimensional thrust and thrust-to-power ratio, the mobility is assumed to be that of saturated air, which is given below. From figure 3a, as decreases, the current induced at a given voltage also decreases, confirming the existence of electrode pair interactions, where the = 10 mm case achieves 55% of the current at spark breakdown when = 60 mm. Figure 3b shows that the thrust generated at a given induced current is approximately independent of , i.e. the implied mobility linearly relating thrust to current, given by equation (2.1), is not affected by electrode pair interactions up to approximately 0.30 mA m −1 (I = 0.34).
The average implied mobility from the results presented in figure 3b ranges from 1.554 to 1.670 × 10 −4 m 2 V −1 s −1 , as determined by a linear regression of the data, where the relative humidity (RH) at the time of data collection was approximately 50%. Ion mobility has been shown to decrease with increasing water vapour content, arising from ion clustering as proposed by Ryzko [43] . Thus for a given current, more thrust is predicted for a thruster operating in humid as opposed to dry air. Theoretical thrust versus current curves as determined by equation (2.1) are provided for reference using ion mobilities for dry and saturated (100% RH) air, 2.155 × 10 −4 m 2 V −1 s −1 and 1.598 × 10 −4 m 2 V −1 s −1 , respectively [35] , and are given by the green and cyan dashed lines. We note that Moreau et al. [25] determined ion mobilities on the order of 3.0 × 10 −4 m 2 V −1 s −1 , approximately 1.8-1.9 times higher than those observed for this particular dataset.
In figure 3b , deviation from theory where thrust is no longer linear in current is thought to be due to bilinear performance degradation, as proposed by Masuyama & Barrett [23] . At these higher currents, it was hypothesized that reverse current flow was induced owing to a discharge at the ground electrode, causing an increase in current but a decrease in thrust given the opposing ion flow. This hypothesis has yet to be experimentally confirmed. Similar performance degradation is observed in figure 3b ; thrust versus current curves for = 20 mm and 10 mm track approximately with the low mobility theoretical curve (cyan) up to I = 0.34, after which thrust deviates from linearity. Notable performance degradation for = 60 mm occurs at approximately I = 0.69, where at breakdown T = 0.92. Figure 4 gives thrust-to-power ratio as a function of (i) applied voltage and (ii) thrust. Theoretical thrust-to-power curves as determined by equation (2.2) using dry and saturated air ion mobilities are provided for reference in figure 4a . We find the same relation between T/P and thrust in figure 4b as observed in Masuyama & Barrett [23] , where thrust-to-power ratio decreases with increasing power and thrust and T/P falling below 1 at spark breakdown for each . Figure 4a shows that the experimental results, regardless of electrode pair spacing, are consistent with 1D theory, where the three plotted datasets converge towards a single curve bounded by the theoretical curves as voltage is increased. Figure 4a also supports the conclusion from §2c that thrust-to-power ratio is approximately independent of electric field shape as interactions between pairs are expected to distort the electric field shape. We qualify the previous statement as 'approximately independent' given that thrust-to-power is dependent on electrode geometry, which in turn determines the electric field shape. As stated in §2c, if variations in electrode geometry are small relative to the thrust-oriented gap distance between the electrodes, then the effect of electrode geometry on thrust-to-power is expected to be small. Deviations from 1D theory at voltages lower than approximately 25 kV are attributed to measurement bias not captured by the experimental uncertainty analysis. In particular, the sharp increase between the first two points for = 60 mm is the result of a non-proportional increase in thrust between 15 and 16 kV, yielding an increase in thrust-to-power ratio between those voltages.
T/P¢ T/P¢
When thrust-to-power ratio is plotted against thrust in figure 4b , the achieved T/P at a given thrust decreases with decreasing above 50 mN m −1 (T = 0.18). This follows from the observed reduction in current with respect to at a given voltage from figure 4a; a higher voltage, and thus a higher power, is required to achieve a given current/thrust, thus reducing T/P. Figure 4b also highlights a potential trade-off between increasing thrust density-an increase in electrode pair packing density corresponds to a decreasing thrust-to-power ratio for a given thrust.
Finally, the spark breakdown voltage is not observed to decrease with pair spacing, as illustrated in figure 4a , where each configuration reached 39 kV without arcing. A possible explanation for the non-decreasing spark breakdown threshold with follows from general 1D spark formation theory and the Meek criterion [21] ; if pair interactions lead to decreased current at a given voltage, this implies reduced ionization at the emitting electrode. As the Meek criterion for streamer formation is directly dependent on this ionization rate, a higher voltage may be required to achieve spark breakdown. However, it is unknown if the arcing threshold increases as a function of pair spacing as applied potential limits based on anticipated sparking voltages were imposed for safety purposes. As a result, lower thrusts were observed for smaller at the voltage limit, 39 kV.
(a) Thrust as a function of non-dimensional pair spacing Figure 5 shows a non-dimensionalization of the relation between thrust and parallel pair spacing. The horizontal axis is the non-dimensional pair spacing, /L. The vertical axis is the ratio between the thrust for a given configuration normalized by the thrust at the same electrode gap distance for /L ≈ 1, or T/T /L≈1 . Figure 5 shows that as /L decreases through 1, the thrust ratio decreases. (Given the correlation between thrust and current, the same trend is observed in the current ratio, I/I /L≈1 .) Above /L = 1, the thrust ratios asymptote to a value greater than 1, as suggested by the least-squares fit shown in blue. This implies that electric field interactions at these nondimensional pair spacings are not sufficient to affect system performance. For the smallest /L tested, the thrust ratio is approximately 0.51.
The dependence of thrust ratio on /L is consistent across electrode gap distance as well as wire gauge, where no dependence on ϕ is indicated by the data. We note that figure 5 was generated by averaging thrust ratios over a range of voltages, each range being a function of L. The lower bound of this range is set by the voltage that induced at least a 0.1 mA m −1 current as to eliminate uncertainty at low thrust measurements. The upper bound of this range is set by the voltage at which spark breakdown or large current spikes owing to intermittent arcing were induced.
A consequence of figure 5 is that the thrust generated by this system is fundamentally limited by /L regardless of the size of the thruster. The effect of pair interactions on the achievable thrust density of the EHD system is quantified in §5, but we begin the discussion here by considering the trend indicated in figure 5 and its possible influence on thrust density. The least-squares fit assumes a curve of the form y = a(1 − e bx ), yielding
Next, consider two alternative definitions of thrust per unit (frontal) area
and where T /L,N is the thrust from a configuration with N electrode pairs with non-dimensional pair spacing /L, T 1 is the thrust from a single electrode pair and s is the length of the emitting electrode. Equation (4.2) then defines the average thrust per unit area as the total system thrust divided by the total electrode pair working area, defined as N · · s. Equation (4.3), on the other hand, calculates the thrust contribution of N − 1 additional pairs relative to the base case, T 1 , and divides by the total additional working area, (N − 1) · · s. In each case, thrust per unit area is estimated as a thrust divided by a characteristic area. However, (T/A) 1 does not consider changes in the marginal contribution of each pair as more pairs are considered. To motivate these two different definitions further, assume that there is no increase in thrust with the addition of an arbitrary number of electrode pairs at a given /L such that the numerator of equation (4.2) remains constant. Thus, the thrust density will tend to zero as the number of pairs goes to infinity but will be non-zero for finite N. Equation (4.3) yields a zero thrust density regardless of the value of N as no marginal contribution has been achieved though the addition of an electrode pair. While either quantity may be useful in characterizing a system, (T/A) 1 is potentially misleading as it is a quantity specific to the number of electrodes and may not scale with increasing N (e.g. doubling the number of electrodes, and thus doubling the working area does not double the system thrust). Given that the number of electrode pairs we can test is limited by the scale mass limit, a definition similar to (T/A) 2 in equation (4.3) will be used to calculate marginal thrust density in § §5 and 6 in order to estimate the behaviour in the limit of N → ∞ with a finite number of pairs. One drawback of equation (4.3) is that it likely under-predicts the total thrust generated by a finite array of pairs by neglecting end effects.
If we now consider the two pair case (N = 2), approximate the thrust for a given configuration using the thrust ratio from equation (4.1), assume that for /L 1 the thrust from the two pair system is approximately twice that of the single pair system, and apply equation (2.1) such that . This result implies that thrust density is maximized when some interaction between electrode pairs is present, a result that is experimentally confirmed in §5a. Note that definition (T/A) 2 allows for negative thrust per unit area even when T /L,N , the total system thrust, is greater than zero. In this component, negative thrust was not experimentally observed, indicating an additional drawback of defining thrust density by (T/A) 2 . For this case, a negative estimated thrust density indicates a decrease in total thrust given an additional electrode pair, i.e. T /L,N < T 1 , not a net reverse thrust. However, a net reverse thrust is observed when staging is considered.
Component II results: thrust array
Figure 6a is a plot of the current ratio versus the number of parallel electrode pairs. The current ratio is defined as the current for a given configuration divided by the current of the configuration with the same electrode pair spacing, , but where N = 2. Thus the origin for each curve is (2,1). Figure 6b is a plot of an analogously defined thrust ratio versus the number of parallel electrode pairs. Both the current and thrust ratios are plotted for L = 50 mm and electrode pair spacings = 10 mm to 60 mm at an applied potential difference of 37 kV. While spark breakdown for L = 50 mm typically occurred at or near 40 kV, 37 kV was selected as it was the highest applied voltage where current oscillations induced by electrical arcing had not yet been observed.
As can be seen, when the non-dimensional pair spacing, /L, is above the approximately identified threshold of 1, the current and thrust scale approximately with the number of electrode pairs. Ideally, with no pair interactions, the current and thrust ratio should scale exactly with the number of electrode pairs. Thus, we would expect the N = 5 case to yield a 2.5 factor increase in current and thrust relative to the N = 2 case. Figure 6 shows that the actual factor increase in current is approximately 2.2, where the source of the discrepancy relative to the ideal case is unknown and is not captured by experimental uncertainty. The thrust ratios in figure 6b are approximately equal to their corresponding current ratios. For the L = 30 mm case (not plotted) an approximately 5% lower thrust ratio relative to the current ratio was consistently observed at voltages near spark breakdown relative to the current ratio. We attribute this behaviour to losses that cause deviation from the linear current/thrust scaling owing to the secondary discharge associated with performance degradation observed in figure 3b and discussed in §4. This secondary discharge is also a possible explanation for the surpassing of the current ratio as a function of N seen, for example in the case of = 60 mm between N = 3 and 4 in figure 6a . The observed increase in current ratio relative to the other plotted pair spacings is captured by the estimated experimental uncertainty and could be attributed to an earlier onset of this secondary discharge for the given voltage, thus raising the mean current per electrode pair.
As the electrode pair spacing decreases, there are corresponding decreases in both the current and the thrust ratios. For instance, figure 6 shows that between spacings of 60 mm and 10 mm, the current ratio decreases from approximately 2.2 to 1.3 when five electrode pairs are considered. This corresponds to a decrease of approximately 2.1-1.2 in the thrust ratio. Regardless of electrode pair spacing, the addition of an electrode pair yields an increase in both current and thrust for the considered pair spacings in all cases except for the = 10 mm, N = 5 case where a decrease in thrust ratio is observed. No such cases were observed for the L = 30 mm configurations, although the smallest /L tested was 0.33 compared with 0.2 for the L = 50 mm case. This is captured by the estimated experimental uncertainty, as indicated by the plotted interval. The trends observed in figure 6 also hold for other applied voltages, although thrust measurement error distorts trends at low current occurring just after corona inception.
(a) Quantifying thrust density
As outlined in §4, we calculate thrust density on a marginal basis to estimate the thrust generated by an infinite array of electrode pairs with a finite number of tested pairs. We estimate thrust per unit area and thrust per unit volume as and
respectively, where T N>2, is the thrust of a configuration with N > 2 electrode pairs and electrode pair spacing , T N=2, is the thrust of a configuration with the same electrode pair spacing but with N = 2 electrode pairs, V is volume and the other symbols have their previously defined meanings. This means that the above definitions of thrust per unit area and volume are computed as the average marginal contribution of each additional electrode pair divided by the additional working area or volume relative to the corresponding N = 2 configuration. Figure 7 shows the calculated marginal thrust per unit area and volume (left axis) and normalized thrust density, TD * 1D (right axis) as a function additional electrode pairs, e.g. 1 denotes one additional electrode pair and thus three total pairs, and pair spacing for (a) L = 30 mm and (b) L = 50 mm. TD * 1D is the thrust per unit area or volume normalized by the theoretical 1D maximum for a given L and voltage from equation (2.10). The data are plotted for a specified voltage for all electrode pair spacings considered. The voltages were selected as the highest for which data for all configurations were available for a given L. As the pair spacing is decreased through /L = 1, the marginal thrust density initially increases given that the working area/volume is decreasing at a faster rate than the associated decrease in thrust. At a critical spacing, the decrease in thrust dominates the decrease in working area, and an overall decrease in thrust density is calculated. 103 N m −3 ), respectively. These densities were computed assuming corona inception voltages recorded for the largest pair spacings tested. The estimated thrust densities correspond to achieving approximately 46 and 51% of the 1D theoretical maximum thrust densities in each case, as shown on the right axes. Variation is observed in the estimated thrust density as a function of the number of additional pairs, although in the majority of the cases, the estimated thrust densities appear to have converged and repeatability in thrust density estimates is indicated by the overlapping uncertainty intervals for a given pair spacing in figure 7 . A case where this has not occurred is the = 10 mm, L = 50 mm configuration, where estimated thrust density decreases Figure 8 . Normalized thrust-to-power ratio, T/P * , plotted against non-dimensional pair spacing. /L, for the same voltages as indicated in figure 7 . /L that maximizes thrust density has been indicated with a cross for each electrode gap distance.
by 46% between the first and the third additional pairs. In this case, the marginal contribution associated with each additional pair is decreasing as N is increased. At the pair spacings that yielded the highest thrust densities, variations between the first and third additional pairs are 7% and 10% for L = 30 mm and L = 50 mm, respectively.
The difference between experimentally estimated and 1D theoretical thrust densities is due to two factors. First, different electrode geometries may have different current density limits. For instance, a pair of concentric cylinder electrodes has a three times higher theoretical maximum current density than that determined by equation (2.7) for a given voltage and electrode gap distance. This derivation is briefly summarized in the electronic supplementary material. Second, as we have shown experimentally, electrode pair interactions limit the achievable thrust density. As a result, even if the theoretical maximum thrust per unit area of electrode were higher for the wire-to-cylinder geometry, the thrust density relative to the total working area is lower for this geometry as pair interaction losses are found to dominate. For our chosen geometry, the loss in thrust resulting from pair interactions yields a thrust per unit area approximately 50% lower than the predicted 1D maximum for both L = 30 and 50 mm. This does not imply that we have achieved 50% of the theoretical maximum, rather that the thruster studied here operates with a thrust per unit area approximately half that of an ideal 1D thruster. Different electrode geometries (e.g. pin-to-mesh) may yield different thrust densities relative to the 1D parallel plate theoretical maximum, and, in turn, have different fundamental thrust density limits.
Finally, our analysis has shown a decrease in the maximum achieved thrust density with an increase in electrode gap distance. Returning to the average electric field, V a /L, the maximum experimentally observed average electric field magnitudes are 9.3 × 10 5 and 7.8 × 10 5 V m −1 for L = 30 mm and L = 50 mm, respectively. Thus, the decrease in estimated thrust densities also corresponds to a decrease in the theoretical maximum from equation (2.10). On average, it was observed that a 10 mm gap distance increase yielded an approximately 5 kV increase in the spark breakdown threshold. For the observed spark breakdown voltages and considering gap distances of 10 mm and above, this corresponds to a decrease in maximum V a /L with increasing gap distance.
(b) Thrust-to-power considerations ratio for a given /L normalized by T/P at the largest plotted /L. In both cases, the smallest pair spacings, corresponding to non-dimensional spacings of 0.33 and 0.2 for L = 30 mm and L = 50 mm, respectively, yielded the lowest calculated thrust-to-power ratio. At the spacings for which thrust per unit area is maximized (indicated by a cross), thrust-to-power ratios are 4% lower. The gains in thrust density, on the other hand, are 40% and 55%. Although theory from §2c predicts no change in thrust-to-power ratio with increased pair density, figure 8 indicates a trade-off does exist for sufficiently high packing density. We hypothesize this trade-off, which is apparent at the smallest pair spacings, is due to system losses such as aerodynamic drag associated with electrodes which were not considered in the derivation from §2c. Table 1 shows the achieved thrust-to-power ratios for different target levels of thrust per unit area achieved by both electrode gap distances. Ratios were estimated assuming the that maximized thrust per unit area for each L. First, thrust-to-power ratios decrease with increasing thrust per unit area, which follows from the required increase in supplied power. Second, the thrust-to-power ratios are higher for the case of the longer electrode gap distance, although this difference in thrust-to-power ratio decreases from 23% to 15% for thrusts densities of 1 to 2.5 Nm −2 . While a higher maximum thrust per unit area is achieved for electrode pairs operating in parallel for L = 30 mm, more thrust is produced per unit power for L = 50 mm when comparing thrust densities achieved by both configurations. as θ/L decreases, the overall induced current increases. For example, when θ/L = 1, the thrust ratio has decreased to between 0.6 and 0.8, while the current ratio has increased to between 1.3 and 1.4. No dependence of the thrust and current ratios on L is apparent from figure 9 , as was also in the case in §4a.
Component III results: thrust staging
We hypothesize that these trends are due to the interactions between the collecting electrode of the first stage and the emitting electrode of the second stage. As the two stages are brought closer together, a discharge is induced between stages. This generates reverse ion flow, reducing net thrust, while also increasing current. Thus, the thrust-to-power ratio will decrease with θ/L. This hypothesis is supported by the observation of a net reverse thrust at the smallest stage spacings tested for each considered electrode gap distance. For example, a net reverse thrust is observed at spark breakdown for θ/L = 0.4 when L = 50 mm. In addition, the breakdown voltage for this non-dimensional stage spacing is approximately half that of the θ/L > 1 configurations given the smaller effective electrode gap distance between the stages.
(a) Quantifying thrust density
In order to calculate the achieved thrust per unit volume, a similar approach as used in §5a is applied. Here, we consider the marginal contribution of two factors: (1) the thrust gained by adding the second stage and (2) the thrust gained by adding an additional electrode pair to each stage. In order to reduce the overall number of tested configurations, contribution (2) is determined by considering the thrust generated by two versus three electrode pairs per stage. In addition, is not varied and is selected to be 20 mm for L = 30 mm and 30 mm for L = 50 mm, each corresponding to the configurations that achieved the highest estimated thrust per unit area in §5a. Thus, we estimate thrust per unit volume by accounting for the marginal contribution of an additional electrode pair and an additional stage. For a given stage spacing and number of electrode pairs, the marginal thrust contribution of an additional stage is
where T θ,N,K is the thrust generated at stage spacing, θ, for N electrode pairs per stage and K stages. Similarly, for a given stage spacing and number of stages, the marginal thrust contribution of an additional pair is
It then follows that the marginal thrust contribution per stage, per pair is
Dividing this quantity by the additional working volume and using the fact that three versus two pairs and two versus one stage were used to estimate thrust per unit volume in this component defines thrust per unit volume as
On the right-hand side of equation (6.1) the first term in parentheses in the numerator is the marginal contribution of the second stage when three electrode pairs per stage are considered, whereas the second term is the marginal contribution of the second stage when two electrode pairs are considered. Taking the difference of these two terms provides the marginal contribution of the third versus second electrode pair per stage. The marginal increase in volume given in the denominator is defined by the distance θ + L as it accounts for the increase in volume associated with both the additional electrode pair as well as the required spacing between stages. 2 < θ/L < 3.3. While uncertainty is on the order of the estimated thrust per unit volume, the mean trend appears to be the following: as voltage is increased, the peak thrust per unit volume also increases owing to the increase in current and thrust. As stage spacing, θ, continues to decrease, the thrust per unit volume decreases owing to the increasingly dominant thrust loss from stage interactions. At a stage spacing of approximately θ/L > 3, the thrust per unit volume decreases given that the working volume considered increases, but thrust is approximately constant.
The maximum thrust per unit volume observed for L = 30 mm is approximately 15 N m −3 , with uncertainty intervals spanning from 6 to 25 N m −3 . This corresponds to approximately 13% of the experimentally estimated maximum thrust per unit volume from §5a and, as can be seen from figure 10b, 8% of the theoretical maximum value derived from equation (2.10). Our volume here includes 'dead space' between stages and so thrust density is expected to be lower than the single-stage estimates. The current and thrust data used in generating the thrust staging results are on average 20% lower than the data used in §5 for L = 30 mm, where the differences were noted in RH at the time of testing (68% versus 60%). Figure 10b shows that TD * 1D is not shown to be a function of voltage, i.e. the thrust density normalized by the corresponding theoretical 1D maximum for a given voltage does not change as voltage increases. This behaviour is also observed for voltages not plotted in figure 10b .
For the case of L = 50 mm, similar trends are observed, but the maximum thrust per unit volume is approximately 5 N m −3 , a greater than 50% decrease in achievable thrust per unit volume relative to the L = 30 mm case. This decrease is due to the lower achieved thrust per unit area, as estimated previously in §5, as well as the larger working volume given the longer electrode gap distance and stage spacing.
(b) Thrust-to-power considerations As can be directly inferred from figure 9, thrust-to-power ratio will decrease with decreasing θ/L and increasing voltage. Thus, although the maximum thrust per unit volume is realized at a θ/L between 2 and 3.3, the thrust-to-power ratio is monotonically decreasing with decreasing θ/L, indicating a trade-off between maximizing thrust per unit volume and maximizing T/P. Note that because not all current tubes begin and end on the same electrodes owing to interactions between stages, the results from §2c are not applicable, and thrust-to-power ratio is expected to decrease with stage spacing. 19% to approximately 7% with increasing thrust density. So, while table 1 showed that higher thrust-to-power ratio was achieved for L = 50 mm when comparing thrust per unit area, higher thrust-to-power is now observed for L = 30 mm when comparing thrust per unit volume and considering stage interactions.
Conclusion
Previous analysis has quantified EHD thruster performance. Specifically, Masuyama & Barrett [23] reported thrust-to-power ratios on the order of 10 N kW −1 and as high as 100 N kW −1 as compared with approximately 2 N kW −1 for jet propulsion. While potentially competitive with conventional propulsion in this respect, it was previously unknown if EHD could produce a thrust density that is potentially useful for aircraft propulsion. The purpose of this analysis was to quantify the achievable thrust density from EHD propulsion for a wire-to-cylinder electrode geometry. This was done by considering variations in different geometric parameters relating distances between electrode pairs for both parallel and series operation. We found that that as two electrode pairs operating in parallel and series are brought closer together, the current and thrust characteristics of the system are affected. In particular, parallel electrode pairs see decreases in both current and thrust as the spacing between the electrodes is decreased, where the thrust ratio has decreased to between 0.8 and 0.9 for a non-dimensional pair spacing of approximately 0.5. In the case of series electrode pairs, a decrease in thrust is also observed when the distance between stages is decreased, but a higher current is induced. The thrust ratio has decreased to approximately 0.7 for a non-dimensional stage spacing of 1, whereas the current ratio has increased to approximately 1.3.
Thrust densities were computed for both parallel and series operation. When considering electrode pairs operating in parallel, only, thrusts per unit area of 3.3 N m −2 and 2.6 N m −2 were achieved for gap distances of 30 mm and 50 mm, respectively. Both of these densities were less than the theoretical 1D maximum thrust per unit area identified by equation (2.10), where equation (2.10) was derived through an extension of the Mott-Gurney law that considered a nonchoked solution. These thrusts per unit area corresponded to thrusts per unit volume of 110 and 50 N m −3 . When also considering series operation, estimated thrusts per unit volume decreased to approximately 15 N m −3 for a 30 mm gap distance and to approximately 5 N m −3 for a 50 mm gap distance. Given the observed trends from this analysis, we expect that higher thrust densities may be possible with shorter electrode gap distances.
A vehicle that uses EHD propulsion will likely have the propulsive mechanism encompass the entire body of the aircraft. As a result, a potential EHD aircraft and a conventional aircraft are not directly comparable on the basis of thrust density given that, for example, turbofan engines produce thrust on the order of 10 000 N m −2 . In order to provide context on whether the thrust densities estimated in this study are of potentially sufficient magnitude for in-atmosphere propulsion applications, we compare these values to characteristic thrust densities derived for aircraft with conventional propulsion systems. These characteristic thrust densities are calculated by first defining a characteristic volume for the aircraft based on fuselage height/width, wingspan and length, then determining the rated engine output and/or aerodynamic characteristics of the aircraft, and finally using this information to calculate a characteristic thrust per unit area and volume. Table 3 22 April 2014, personal communication), while the A320 is a commercial jet aircraft with a maximum range of approximately 6100 km. For the case of the UAVs, while the thrust per unit area is a factor of 1.6-2.1 higher than the maximum parallel thrust density observed experimentally in this analysis, the characteristic thrust per unit volume is included in the range of estimated thrusts per unit volume. For the case of the A320, the characteristic thrust per unit area is three orders of magnitude larger than that achieved in this analysis, while the characteristic thrust per unit volume is two to three times larger than that measured with EHD in this study.
Our experimental results of thrust densities up to approximately 10 N m −3 suggest that EHD propulsion has most likely potential feasibility at the small UAV scale. However, we note that the theoretical maximum volumetric thrust density computed using our extended Mott-Gurney law is an order of magnitude higher. We also identified trade-offs inherent in EHD propulsion systems. As previously observed by Masuyama & Barrett [23] , for a given electrode gap distance, thrust-to-power ratio decrease with increasing power and thrust, as indicated by equation (2.2). A similar trade-off exists between thrust density and thrust-to-power ratio-increasing thrust density comes at the cost of decreasing the thrust-to-power ratio, where thrust density can be increased by increasing the power supplied to a given configuration or by decreasing the working volume through decreases in pair or stage spacing. The former leads to a decrease in thrust-to-power ratio as indicated by equation (2.2). The latter leads to a decrease in thrust-to-power ratio given increased pair and stage interactions that alter the current-voltage relationship and increase the required power required for a given thrust.
When considering parallel operation for the configurations that yielded the highest estimated thrust densities, the longer gap distance generated higher thrust-to-power ratios for a given thrust per unit area, although the maximum thrust density achieved by the longer electrode pair configurations was lower than that achieved by the shorter electrode pair configurations. This suggests an additional trade-off between the range of achievable thrusts per unit area and the associated thrust-to-power ratio, i.e. increased operational flexibility implies lower thrust-to-power ratio. When multiple stages were considered, we found that shorter electrode gap distances for the same target thrust per unit volume yielded on average higher thrust-topower ratios. In addition, a higher maximum thrust per unit volume was also calculated for the shorter gap distance. This suggests a benefit in using shorter electrode gap distances to maximize both thrust per unit volume and achieved thrust-to-power ratio when considering multiple stage thrusters.
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